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Section 6.1

Solutions Chapter 6

SECTION 6.1

6.1.4

Throughout this exercise we will use the fact that strong duality holds for convex quadratic

problems with linear constraints (cf. Section 4.4).

The problem of finding the minimum distance from the origin to a line is written as
1
min —||x||2
2l
subject to Ax = b

where A is a 2 x 3 matrix with full rank, and b € 2. Let f* be the optimal value and consider

the dual function

o) = min {3l + vz~ ) |

Let V* be the supremum over all distances of the origin from planes that contain the line
{z | Az = b}. Clearly, we have V* < f* since the distance to the line {x | Az = b} cannot be

smaller that the distance to the plane that contains the line.

We now note that any plane of the form {z | p’ Az = p’b}, where p € R2, contains the line
{z | Az = b}, so we have for all p € R2,

1
V(p) = min §||:E||2 < V=,

p' Az=p'x

On the other hand, by duality in the minimization of the preceding equation, we have
1
Ulpn) = min{ gllel} +2(ras - p) <VG) Vpen e
Combining the preceding relations, it follows that

supg(A) =supU(p,v) <supU(p,1) <supV(p) < V* < fx
A P,y p p

Since by duality in the original problem, we have sup, ¢(A) = f*, it follows that equality holds

throughout above. Hence V* = f* which was to be proved.
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6.1.7 (Duality Gap of the Knapsack Problem)

(a) Let
{ 1 if the ith object is included in the subset,
Ty =

0 otherwise.
Then the total weight and value of objects included is ), wiz; and ), vix;, respectively, and the

problem can be written as
n
maximize f(z) = E ViT;
=1

subject to Zwixi <A, z;€{0,1}, i=1,...,n.
i=1
(b) Let f(z) = —f(z) and consider the equivalent problem of minimizing f(z) subject to the

constraints given above. Then

Lz, pu) = —Xn:vixi +u (i wiT; — A) ,
i=1 i=1

and
q(p) = xell{lgl} {;(uwi — vi)Ti — MA} :

Note that the minimization above is a separable problem, and the infimum is attained at

0 if > v /w;,
Zi(p) = 1 if < v;/wi,
Oor 1 if u=wv/w.

Without loss of generality, assume that the objects are ordered such that 5711 < s <L < B

When p € (“J—’l U—J} for some j with 1 < j < n, then Z;(u) = 1 for all i > j and Z;(u) = 0

wj—17 Wy

otherwise, and
n n
0 =n [ Yowi—4) 2w
i=j i=j

From this relation, we see that, as y increases, the slope of G(u) decreases from Y ; w; — A to
—A. Therefore, if >, w; — A > 0, ¢(p) is maximized when the slope of the curve goes from

’L)i*

where 7* is

positive to negative. In this case, the dual optimal value ¢* is attained at p* = _—,

the largest 7 such that
wi + ... +wy, > A

If >, w; — A <0, then the dual optimal value ¢* is attained at u* = 0.

4



Section 6.1

(¢) Consider a relaxed version of the problem of minimizing f:
n
minimize fr(z) = — Z Vi Tq
i=1

n
subject to Zwm < A, z; €[0,1], i=1,...,n.
i=1

Let fj, and ¢}, be the optimal values of the relaxed problem and its dual, respectively. In the
relaxed problem, the cost function is convex over R (in fact it is linear), and the constraint set
is polyhedral. Thus, according to Prop. 6.2.1, there is no duality gap, and fj, = gf. The dual
function of the relaxed problem is

qr(p) = inf {Z(Mwi —vi)Ti — uA+} .

z;€[0,1] ]
Again, qr(p) is separable and the infimum is attained at
0 if g > v /w;,
zi(p) = 1 if p < wifwi,
anything in [0,1] if g = v;/w;.
Thus the solution is the same as the {0,1} constrained problem for all ¢ with p # v; /w;. For ¢

with u = v;/w;, the value of z; is irrelevant to the dual function value. Therefore, ¢(p) = qr(p)

for all u, and thus ¢* = g¢5,.

Following Example 6.1.2, it can be seen that the optimal primal and dual solution pair

(z*, u*) of the relaxed problem satisfies
wrw; =wvg, if0 <l <1,

prw; > v, ifxl =0,

(2

wrw; v, ifxl =1,

In fact, it is straightforward to show that there is an optimal solution of the relaxed problem
such that at most one z} satisfies 0 < 7 < 1. Consider a solution Z equivalent to this optimal
solution with the exception that z; = 0 if 0 < x7 < 1. This solution is clearly feasible for the

{0,1} constrained problem, so that we have
f« < f(z) < fx ;.
Jo < J@) < i+ max v
Combining with earlier results,
~* < * . — g% -
f*<qp+ 11;1%5(71 v = §* + 121%)(” Vi

)
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Since f* = —f* and §* = —¢*, we have the desired result.

(d) Since the object weights and values remain the same we have from (c) that 0 < ¢*(k)— f*(k) <
maxi<;<n ¥;. By including in the subset each replica of an object assembled in the optimal
solution to the original problem, we see that f*(k) > kf*. It then follows that

o €0 = S (8)

) — fr(k)
e R

6.1.8 (Sensitivity)

‘We have
f= ;g{{f(x) + 7' (g(z) — 1)},
f= i {f(=)+ i (9() —a)},

from which

F=F =it {f@)+7 (9(x) —u) } = inf {f(w) + i (g(x) —u)} + ji' (0 — W)
> /(@ —),
where the last inequality holds because 1 is a dual-optimal solution of the problem
minimize f(x)
subject to x € X, g(z) <,

so that it maximizes over p > 0 the dual value infzex {f(z) + 1/ (9(x) — @) }.

This proves the left-hand side of the desired inequality. Interchanging the roles of f, 7, T,
and f, u, [i, shows the desired right-hand side.

6.1.9 (Hoffman’s Bound)

(a) Since the feasible set is closed, the projection problem given in the exercise has an optimal
solution. Therefore by Proposition 3.4.2, there exists an optimal primal solution and geometric
multiplier pair (z*(y, ), p*(y, 2)) for each y € Y,z € R, By the optimality condition, for u to
be a geometric multiplier, it suffices that

z —x* .
—M— Z HiQs,

i€l(z*(y,z)

where I(z*(y, z)) is the set of indexes corresponding to the active constraints at z*(y, z), and a;

is the ith column vector of A’. Since the vector in the left-hand-side of the equation has norm

6
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1, we can pick p*(y,z) to be the minimum norm solution for this linear equation. Since there
are only a finite number of such equations, the set {u*(y) | y € Y} is bounded. Finally, by the

optimality of a geometric multiplier, we have

[y, 2) <z — 2|l + p*(y, 2) (Az = b —y) < p*(y,2)'(Az —b—y)*.

(b) Using the last inequality in part (a), we have
Fry2) <> iy 2)l(Az—b—y)t, WeY,zeZ,

and
[y, z) <maxpi(y,2) [[(Az =b—y)*|, VyeY,zeRm
Let ¢ be a constant such that ¢ > {u*(y) | y € Y'}. By the boundedness of {¢*(y) | y € Y} shown

in part (a), we can choose ¢ so that the bound f*(y,z) < ¢||(Az — b — y)*|| holds.

6.1.10 (Upper Bounds to the Optimal Dual Value [Ber99])

We consider the subset of $7+1
A= {(z,w) | there exists € X such that g(z) < z, f(z) <w},

and its convex hull Conv(A). The vectors (g(zr), f(zr)) and (g(z1), f(zr)) belong to A. In
addition, the vector (0, f), where

f= inf{w | (z,w) € Conv(4), z < 0},

is in the closure of Conv(A). Let us now show that ¢* < f, as indicated by Fig. 1.

Indeed, for each (z,w) € Conv(A), there exist & > 0 and & > 0 with & + & = 1, and
r1 € X, x2 € X such that

&19(w1) + &ag(x2) < 2,
Gf(@1) + & f(22) S w.
Furthermore, by the definition of the dual function ¢, we have for all p € R7,

q(p) < f(21) + ' g(z1),

q(p) < f(22) + Wg(z2).

7
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Combining the preceding four inequalities, we obtain
q(p) <w+ 'z, V (z,w) € Conv(A4), u>0.

The above inequality holds also for all (z,w) that are in the closure of Conv(A), and in particular,

for (z,w) = (0, f). It follows that

alp) < f,  Yu>0,

from which, by taking the maximum over g > 0, we obtain ¢* < f .

Let v be any nonnegative scalar such that g(x;) < —yg(xr), and consider the vector

A= —vg(zr) — g(z1).

Since A > 0, it follows that the vector

(=vg(zr), f(z1)) = (9(z1) + A, f(z1))

also belongs to the set A. Thus the three vectors

(g(xF)vf(mF))v (va)a (*’)’g(‘TF),f(-TI))

belong to the closure of Conv(A), and form a triangle in the plane spanned by the “vertical”

vector (0,1) and the “horizontal” vector (g(zr),0).

Let (0, f ) be the intersection of the vertical axis with the line segment connecting the vectors
(9(zr), f(zr)) and (—yg(zr), f(x1)) (there is a point of intersection because v > 0). We have
by Euclidean triangle geometry (cf. Fig. 1)

]E_f(xl) _ 7
flep) = flzr) 41

(1)

Since the vectors (g(zr), f(zr)) and (—vg(zr), f(z1)) both belong to Conv(A), we also have
(0, f) € Conv(A). By the definition of f, we obtain f < f, and since ¢* < f, as shown earlier,

from Eq. (1) we have

g — f(xr) f— flz) ¥
Fler) — Fan) = flam) — fler) — 7 +1°

Taking the infimum over v > 0, the desired error bound follows.
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Figure for Exercise 6.1.10 Geometrical interpretation of the bound of Exercise

6.1.10 in the case where there is only one constraint. We consider the convex hull

of the subset A of R2 given by

A= {(z,w) | there exists z € X such that g(z) <z, f(z) < w}.

Let f be the point of intersection of the vertical axis of %2 with the line segment

connecting the vectors (g(afp), f(xp)) and (g(m;), f(zI)) The vector (0, f) be-

longs to Conv(A). Also, by Euclidean geometry, we have

f—f@r) g(zr)

f@p)— fler)  g(zr) —glzr)’

and by the definition of ¢* we have
¢ <f</

where

f= inf{w | (z,w) € Conv(A), z < 0}.

Combining these two relations, the bound follows.

Let f* be the (common) optimal value of the two problems

and

where

minimize f(x)

subject to z € X, gj(x) <0, j=1,...

minimize f(z)

subject to x € X, gi(r) <0, je€J,

X={zeX|gjx)<0,jeJ}.

9
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Since {u} | j € J} is a geometric multiplier of problem (1.2), we have

fr=inf ¢ fl@)+> wigi(@) . (1.3)

zeX jers

Since the problem

jedJ

minimize ¢ f(z) + Z ;95 (x)}
< 07

subject to z € X, g;(x) jeJ,

has no duality gap, we have

inf § f(z)+> pigi(x) p = sup inf ¢ fx)+ > pigi(x)+ > pgi(z) p.  (15)

X 2 ) . = xeX 2 ~
ze jeJ p;>0, jeJ jeJ JeT

Combining Egs. (1.3) and (1.5), we have

fr=suwp inf F@)+Y wgi(@) + > nigi(@) ¢,
>0, jeJ * jeJ jeT

which can be written as

fr=suwp q({ujlie I} A{nlieT}),
1j>0, j€J

where ¢ is the dual function of problem (1.1). It follows that problem (1.1) has no duality gap.
If {u; | j € J} is a geometric multiplier for problem (1.4), we have
inf ¢ o)+ wig5(e) p = inf §F(@)+ D pie(a) + Y p50i(e) ¢
eeX jeJ jeJ €T
which together with Eq. (1.3), implies that
fr= if ¢ f(@)+ Z wigi(z) + Zujgj (z) ¢
jeJ jeJ

or that {u} | j =1,...,7} is a geometric multiplier for the original problem (1.1).

6.1.12 (Extended Representation)

(a) Consider the problems

minimize f(x)
(1.6)
subject to z € X, gi(x) <0, j=1,...,r
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and

minimize f(x)

subject to z € X, gi(x) <0, j=1,...,r gi(x) <0, j=1,...,7

where
X=Xn{z|gx) <0,j=1,....7},
and let f* be their (common) optimal value.

If problem (1.7) has no duality gap, we have

fr= sup o inf QFE) 4D m0@)+ D iid()
p>0,3>0 z€X = =
S S mb N T@ D i)+ > ()
0,720 weX - >
35 (x)<0,j=1,...,7 j j
= su inf ) + i (x) + R
(>0, E>o zEX f(@) Z/‘JQJ( ) ZMJQJ( )
< sup inf < f(z)+ Zﬂjgj(x)

u>0, i>0 T€X

sup int  f(a) + z%

u>0 zeX

sup q(p),
n=>0

where ¢ is the dual function of problem (1.6). Therefore, problem (1.6) has no duality gap.

(b) If p* ={pj | j=1,...;r}, and i = {uj | j = 1,...,7}, are geometric multipliers for
problem (1.7), we have

fr=inf § fl@)+> wigi(z)+ > fi5g;(x)
j=1 j=1

rzeX
r T
< inf F(x)+ > wigi(x) + ) [535(x)
gj(z)SIO,jzl ..... 7 Jj=1 j=1

= inf {f +Zujgj )+ > ig;()
Jj=1

IN

inf { )+ z_: wigi(x)

= inf § f(2) + z_: #;95()

11
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It follows that p* is a geometric multiplier for problem (1.6).

SECTION 6.2

6.2.2 (A Stronger Version of the Duality Theorem)

Without loss of generality, we may assume that there are no equality constraints, so that the

problem is
minimize f(x)

subject to = € X, a;:c—bj <0,j=1,...,m
Let X = C' N P, and let the polyhedron P be described in terms of linear inequalities as
P={zeRn|ax—b;<0, j=r+1,...,p},
where p is an integer with p > r. By applying Lemma 6.2.2 with
S={zeR|ax—-b;<0, j=1,...,p},

and F(z) = f(x) — f*, we have that there exist scalars y; >0, j =1,...,p, such that
P
fr<f@)+ > pilda—by),  Vael.
j=1

For any x € X we have p;(ajz —b;) < 0 for all j = r+1,...,p, so the above relation implies

that
f*Sf(x)-i-Z,U/j(a;Qj—bj), VaoelX,
j=1

or equivalently

fr< inf {f (@) + > pidiz —by)} = q(p) < g
j=1

By using the weak duality theorem (Prop. 6.1.3), it follows that p is a Lagrange multiplier and
that there is no duality gap.

In Example 6.2.1, we can set C = {zx € R2 | z > 0} and P = {x € 2 | 1 > 0}. Then
evidently X = C and f is convex over C. However, ri(C) = int(C) = {x € R2 | « > 0}, while
every feasible point  must have z; = 0. Hence no feasible point belongs to the relative interior

of C, and as seen in Example 6.2.1, there is a duality gap.

12



Section 6.3

SECTION 6.3

6.3.1 (Boundedness of the Set of Geometric Multipliers)

Assume that there exists an T € X such that g;(T) < 0 for all j. By Prop. 6.3.1, the set of
Lagrange multipliers is nonempty. Let u be any Lagrange multiplier. By assumption, —oo < f*,

and we have

—o0 < fr < L(Z,p) = +Z/‘gg]
or
— > wigi(®) < f(z) - f*
j=1
‘We have

Jmin {—g;(2)} < —g;(2), V],

yeeny

so by combining the last two relations, we obtain
Zuj i {—gi(a)} < f(z) -
Since Z satisfies g;(Z) < 0 for all j, we have
Z f@) - f~ ‘
S

Hence the set of Lagrange multlphers is bounded.

Conversely, let the set of Lagrange multipliers be nonempty and bounded. Consider the set
B = {z | there exists 2 € X such that g(z) < z}.

Assume, to arrive at a contradiction, that there is no * € X such that g(Z) < 0. Then the origin
is not an interior point of B, and similar to the proof of Prop. 6.3.1, we can show that B is

convex, and that there exists a hyperplane whose normal ~ satisfies v # 0, v > 0, and
v g(x) >0, VaoelX. (1)
Let now p be a Lagrange multiplier. Using Eq. (1), we have for all 5 > 0

* = inf L < inf L < inf L < inf = fx
fr= inf L(z,p) < inf (x7u+ﬂ7)_mex}2($)§0 (x7u+ﬁ7)_wexfg(x)gof(x) f

where the last inequality holds because p + Sy > 0, and hence (u + 5v)'g(x) < 0 if g(z) < 0.
Hence, equality holds throughout in the above relation, so p + 7 is a Lagrange multiplier for all

B > 0. Since v # 0, it follows that the set of Lagrange multipliers is unbounded — a contradiction.

13
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6.3.2 (Optimality Conditions for Nonconvex Cost)

(a) Since the constraint set X = {z |z € X, g;j(z) <0, j=1,...,r} is convex, and z* is a local
minimum, we have
Vf(x*)(x—x*) >0, VeeX
(see Prop. 2.1.2 of Chapter 2). Hence z* is a local minimum of the problem
minimize V f(z*)'z
(1)

subject to x € X, g;(z) <0, j=1,...,r

he Assumption 6.3.1 holds for problem (1), so that we can apply Prop. 6.3.1. Thus we have that

there is no duality gap, and there exists a Lagrange multiplier p* > 0 for problem (1), i.e.

sup q(p) = q(p*) = inf § Vf(z*)z+ ; wigi(z) o =V f(z*)a=.

From Prop. 6.1.1, we also obtain
/L;gj(l'*) =0, v

The last two relations imply that

r* € arg min Vf(x*)’rerzluéfgj(x) : (2)
e

(b) We use Prop. 4.3.12 to assert that there exist w; >0, =1,...,r, such that ,ujgj(x*) =0
for all 5 and
Vo L(x*, u*) (x — x*) > 0, VaoelX.

The last relation implies that

T* = arg gél)l{l Vo L(z*, p*)'x.
6.3.3 (Boundedness of the Set of Lagrange Multipliers for Nonconvex
Constraints)

For simplicity and without loss of generality, assume that A(z*) = {1,...,r}, and denote

hj(z) = Vg;(x*)(x —x*), V]

14
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By Prop. 6.1.1, p € M* if and only if z* is a global minimum of the convex problem

minimize V f(z*) (x — z*) (1)

subject to x € X, hj(z) <0, j=1,...,r

while p is a Lagrange multiplier. The feasible directions of X at z* are the vectors of the form
d =1z — x* where x € X. Hence the assumption that there exists a feasible direction d with the

property described is equivalent to the existence of an Z € X such that h;(Z) < 0 for all j.

If there exists a feasible direction d with Vg;(2*)’'d < 0 for all j, then by Prop. 4.3.12, the
set M* is nonempty. Applying the result of Exercise 6.3.1 to problem (1), we see that the set M*
is bounded. Conversely, if M* is nonempty and bounded, again applying the result of Exercise
6.3.1, we see that there exists T € X such that h;(Z) < 0 for all j, and hence also there exists a

feasible direction with the required property.

6.3.4 (Characterization of Pareto Optimality)

(a) Assume that z* is not a Pareto optimal solution. Then there is a vector Z € X such that
either

N1(@) < fr(a*),  fa(Z) < fa(zr),
or

fi(@) < fi(z*),  f2(Z) < fola*).

In either case, by using the facts A\ > 0 and A5 > 0, we have
M AE) + A5 f2(Z) < ALfi(z*) + A fa(z*),

yielding a contradiction. Therefore z* is a Pareto optimal solution.

(b) Let
A ={(z1,22) | there exists x € X such that fi1(z) < z1, fa(z) < 22}.

We first show that A is convex. Indeed, let (a1,a2), (b1,b2) be elements of A, and let (¢1,c2) =
ala, a2)+ (1 —a)(bi, b2), for any a € [0, 1]. Then for some z, € X, 2, € X, we have fi(zq) < ax,
fa(za) < ag, fi(xy) < b1, and fo(xzp) < ba. Let 2. = axq + (1 — a)xp. Since X is convex, z, € X,

and since f; and fy are convex, we have

filze) < e, fa(ze) < ea.

Hence (c1,c2) € A implying that A is convex.

15
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Note that (f1(z*), f2(z*)) is not an interior point of A. [If this were not the case, then for
some T € X we would have f1(Z) < fi(z*) and f2(T) < f2(z*), so that 2* would not be Pareto
optimal.] By supporting hyperplane theorem, there exist A¥ and A}, not both equal to 0, such
that

Afz1 4+ Asza > AT fi(x*) + A fa(x®), V (21,22) € A.

Since z; and z3 can be arbitrarily large, we must have A} > 0 and A% > 0. Furthermore, by the

definition of the set A, from the above equation we obtain
M) + A fa(x) 2 AL fi(a*) + A3 fa(a), Va2 eX,

implying that
mip (N f1(2) + N3 a(2)} = X (%) + Ag o).

(c) Generalization of (a): If z* is a vector in X, and A}, ..., A, are positive scalars such that

i/\fﬁ(ﬂf*) = min {g; )\ffi(x)} ;

then z* is a Pareto optimal solution.

Generalization of (b): Assume that X is convex and fi,..., fm, are convex over X. If a* is a

Pareto optimal solution, then there exist non-negative scalars A}, ..., A, not all zero, such that

;Am(w*) = min {g Afﬁ(w)} :

6.3.5 (Directional Convexity)

Let
A = {(z,w) | there exists (x,u) € R*+s such that

hz,u) =z, f(z,u) <w, ueU}.

Suppose that (0, f*) is an interior point of A. Then the point (0, f* — d) belongs to A for some
small enough ¢ > 0. By definition of the set A, we have that h(z,u) = 0 and f(z,u) < f*—§
for some z € ™ and u € U, which contradicts the fact that f* is the optimal value. Therefore
(0, f*) must be on the boundary of the set A. Furthermore, there is a supporting hyperplane of
the set A that passes through the point (0, f*). In other words, there exists a nonzero vector
(A, B) such that

Bf* < Nz + fw, V(z,w) € A. (1)

16
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By assumption (2), we have that for z = 0 there are a vector v € U and a vector x € R
such that h(z,v) = 0, which implies that (0,w) € A for all w with w > f(z,u) > f*. Then from

(1) we have

OSB(w_f*)7 vaf*v

which holds only if 8 > 0. Suppose that § = 0. Then assumption (2) and Eq. (1) imply that
Nz >0, Y z with ||z]]| <,

which is possible only if A = 0. But this contradicts the fact that (A, 8) # 0. Hence, we can take
B =11in Eq. (1). From here and the definition of the set A, we obtain

[ < flz,u) + Nh(z,u), VzeRr, uel.
This, combined with weak duality, implies that

inf  {f(z,u) + Nh(z,u)} = f*. (2)

zeR™ uelU

Suppose that (z*,u*) is an optimal solution. Then (z*,u*) must be feasible [i.e., it must

satisfy h(z*,u*) = 0], and
f* = flzx,u*) + Nh(z*,u*) = ze?ﬁi}}iEU {f(z,u) + Nh(z,u)},
where the last equality follows from Eq. (2). Therefore we must have
u* = arggnei{[l {f(z*,u) + Nh(z*,u)}.
Similarly, we can argue that

x* = arg méiRn {f(z,u*) + Nh(x,u*)}.
zeRT

If f and h are continuously differentiable with respect to = for any u € U, the last relation implies

that

Vaf(x*,u*) + Vah(xz*, u*)\ = 0.

17
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6.3.6 (Directional Convexity and Optimal Control)

Similar to Exercise 6.3.5, we can show that there is a vector (—p*, 1) such that
f*ﬁfp*/ZJF'W, V(Z,’lU)GA,

where p* € RN. This implies

N-1
f*< inf { Z Dit1 'fi (i, ui) + gi(2i, ui) — pf+1/$i+1) + gN(xN)}
=0

z;eERi=1,...,N u,LEU,,z 0 LIN—

N-1
- riE%,iin:fl,...,N {gN TN) + Z ( mf {szrl filwi,wi) + gilwi, i) } — iy x2+1>}
=aq(p*) = ¢*.

From here and the weak duality theorem (Prop. 6.1.3), it follows that p* is a Lagrange multiplier

and that there is no duality gap. Using the same argument as in Exercise 6.3.5, we can show that

*
Ug

= arg min H;(x*, ui,pf, ), i=0,...,N—1,

u; €U;
where
Hi(z,ui,piv1) = piyy iz, wi) + gi(i, wi).

Also, we have

N—-1
r* =argming g 1. {QN TN) + Z pz+1 "filwi,up) + gi(wi, uy) — Pit1 lerl)}
=0

N-1
= argming cp j—1,.. N { Z (P fil@i, ul) + gi(ws,uf) — pi'ws) + gy (zN) — p}‘V’JJN} )
im1

where z* = (z7,...,2% ). By using the separable structure of the expression on the left hand-side

in the relation above, we obtain
xf = argi?ei% {p;?‘+1/fi(xi,uf) + gi(xs, ul) — p;"xi} , fore=1,...,N -1,
and
Ty = arg xr]{,lienére {gN(xN) — pj‘V’:EN} .
Since the functions f; and g; are continuously differentiable with respect to x; for each u; € U;,

the last two relations are equivalent to
Vo, Hi(x*,uj,pf ) =p;, fori=1,...,N—1

and
Van(zy) = PN

respectively.
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6.3.8 (Inconsistent Convex Systems of Inequalities)

The dual function for the problem in the hint is

infoex D5 pygi(e) X =1
yeR, zeX

= mf 3 \Y9i - = "
4 v i@ =u) = i # 1

The problem in the hint satisfies the interior point Assumption 6.3.1, so by Prop. 6.3.1 the dual

problem has an optimal solution p* and there is no duality gap.

Clearly the problem in the hint has an optimal value that is greater or equal to 0 if and

only if the system of inequalities
gi(x) <0, j=1,...,m
has no solution within X. Since there is no duality gap, we have

max  g(p) >0
n20,3 7 ) =1

if and only if the system of inequalities gj(z) < 0, j = 1,...,r, has no solution within X. This is

equivalent to the statement we want to prove.

6.3.9 (Duality Gap Example)

It can be seen that a vector (z1,x2) is feasible if and only if

Furthermore, all feasible points attain the optimal value, which is f* = 1.

Consider now the dual function
al) = int fer2 + (] )} 1)
We will show that ¢(u) = 0 for all g > 0 by deriving the set of constraint-cost pairs
{(||:vH —x1,e%2) |x € §RQ}.

Indeed, for u < 0 there is no x such that ||z|| — 1 = u. For u = 0, the vectors x such that
lz]] — 1 = u are of the form z = (z1,0), so the set of constraint-cost pairs with constraint value
equal to 0 is (0,1). For u > 0, for each x2, the equation ||z|| — z1 = u has a solution in z;:
x3 — u?
2u

xr1 =
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Thus, if u > 0, the set of constraint-cost pairs with constraint value equal to u is
{(u,w) | w > O}.
Combining the preceding facts, we see that the set of constraint-cost pairs is
{(0,)} U{(u,w) | u>0,w>0},

which based on the geometric constructions of Section 6.1, shows that ¢(x) = 0 for all g > 0 [this

can also be verified using the definition (1) of ¢]. Thus,

q* =supq(u) =0,
n=0

and there is a duality gap, f* — ¢* = 1.

The difficulty here is that g is nonlinear and there is no T € X such that ¢(Z) < 0, so the

Slater condition (Assumption 6.3.1) is violated.

SECTION 6.4

6.4.3

(a) Let us apply Fenchel’s duality theorem to the functions
c
file) = Shall, fala) = —(t - o)

and the sets

X1 = Xo = Rn.

Using Prop. 6.4.1, we have

Pu(t) = min { S22 +(t =)} = max{g2(X) — (M)},

where the corresponding conjugates g; and g2 are calculated as follows:

c 1
) = { '\ — — 2}: A 2’
1) = sup {#A = Gl f = o I
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g2(\) = i€n§]§n{x’)\ +y(t—x)}
=¥+ Iiengn{y(t —xz)— (t—z)'A}
=t'A— sup {w'X—(u)}
ueR™
=t'A—g(A).

Thus we have

Pt) = g {0 - 90 = o112}

The function P.(-) is the pointwise maximum of a collection of linear functions, so it is
convex. To show that P(t) is differentiable, we view it as the primal function of a suitable
problem, and we use the fact that the subgradients of the primal function at 0 are the negatives

of the corresponding Lagrange multipliers (cf. Section 6.4.4). Consider the convex programming

problem

minimize — llyll2 +~(2)
2 (1)

subject to t —y — 2z =0,

whose primal function is

p(w) =, min {Zllyl? +(=)} = min {Sllel? +7(t -2 —w)}.

t—y—z=w
We have
p(w) = Pe(t —w)
and the set of subgradients of P, at ¢ is the set of the negatives of the subgradients of p(w) at 0,
or equivalently (by the theory of Section 6.4.4), the set of dual optimal solutions of problem (1).

The dual function of problem (1) is
. (¢
a() = min { Sllyl2 +(2) + Nt~y - )}
Zy
. c .
= min { Z[lyll2 = ¥y} +min{y() + X (¢ =)}

— 5o I — max{ (= = /A = 1()}

1
= 7%“/\”2 - mgx{z’)\ —y(z)} + /A

1
=t'A—g\) — —||A|?
g0 — o
Thus the optimal dual solution is the unique A attaining the maximum of ¢()). As argued earlier,

this A must be equal to VP.(t).
(b) The formulas and their derivation can be found in [Ber77] and [Ber82a], Section 3.3.

(¢) We have

Put) = inf {(t—u)+ ZSllul2} <),
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Also, if d is a subgradient of «y at ¢, we have for all u € R»
c c . c 1
Yt =)+ 5 [ul]2 = 3(8) = d'u+ Sl = () +min {—du+ S a2} = () - 5l

Thus we have for all ¢
1
1) = o lldl? < Pe(t) < (),
which implies that lime—o0 Pe(t) = y(t).

(d) From the Fenchel duality theorem we obtain, similar to part (a),

1
Pt = sup {3 a3 - oA -2}
AER™ c

6.4.5

Define X = {z | ||z|| < 1}, and note that X is convex and compact set. Therefore, according to
Minimax Theorem, we have

min max z’y = max min x’y.
rzeX yey yeY zeX

For a fixed y € Y, the minimum of z'y over X is attained at z* = —y/||y|| if y # 0 and z* = 0 if
y = 0 [this can be verified by the first order necessary condition, which is here also sufficient by

convexity of #’y]. Thus we obtain

in max 'y = max (— = —mi .
mip max e’y = meax (~|lyll) = —min|lyl|

Thus the original problem can be solved by projecting the origin on the set Y.

6.4.6 (Quadratically Constrained Quadratic Problems [LVB98])

Since each P; is symmetric and positive definite, we have

!/ !/
o' Pix 4+ 2¢ix + 1 = (Pil/zx) Pi1/2a: + 2 (P;l/zqi) Pi1/2x +7;
= ||P} 22+ P72 ql 2 4 i — P g
for i =0,1,...,p. This allows us to write the original problem as

minimize ||P01/2x + P(;l/QQOW +r0— )Py qo

1/2

subject to || P; —1/2

z+ P qi||2+7”i—quflqi<0,izl,...,p.
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By introducing a new variable x,41, this problem can be formulated in fnt1 as

minimize Zp41
subject to ||P01/2x+P0_1/2q0|| < ZTpt1
1/2 —1/2 _ /2 .
||Pi/x+Pi /Qi”S(q;Pi 1(11‘*7’1') t=1,...,p.

)

The optimal values of this problem and the original problem are equal up to a constant and
a square root. The above problem is of the type described in Section 6.4.1. To see that define
A= (P?10), b= P Pas 00 =0, di = (@P =) P for i = 1,..p, Ao = (B2 ] 0),

3

bo = Po_l/gqo, eo =(0,...,0,1), do =0, and ¢ = (0,...,0,1). Its dual is given by

p
.. - _ 1/2 _
maximize — E (qui 1/221' + (qéPi 1qi — m‘) / wz) — g\ P, 1/220
i=1

p
subject to ZPil/in:Q [lz0]] <1, |lz|| S wsiy, i=1,...,p.
i=0

6.4.7 (Minimizing the Sum or the Maximum of Norms

[LVB9S8])

Consider the problem

p
minimize Z [|1Fix + gil|
i=1

subject to x € R.

By introducing variables %1, ...,%,, this problem can be expressed as a second-order cone pro-

gramming problem (see Exercise 6.4.17):

p
minimize Zti
i=1
subject to ||Fix + gi|| < ti, i=1,...,p.
Define
X ={(z,u,t) |z eR", wi=Fr+g, t; R, i=1,...,p},
C={(z,u,t) |z e R, ||wi]| <t;, i=1,...,p}

Then, by applying the result of Exercise 6.4.3 with f(x,u,t) = >.%_, ¢;, and X, C defined above,

we have

—CL ={(0,z,w) | ||zi]| S ws, 1=1,...,p},

23



and

p p p
g(O,z,w) = sup { z;uz +Zwit¢ — Ztl}
1 =1 =1

(z,u,t)eX =
p p
= sup Z Zi(Fix+gi) + ) (wi — 1)t
zERN teRP | =
p ! p p
= sup F/zi | =3+ sup w; — D)t » + gz
B D gz XYY Flzi=0, wi=1i=1,...,p
400 otherwise.
Hence the dual problem is given by
p
maximize — Z 9z
i=1

r
subject to Y F/z; =0, ||zl <1, i=1,...,p.
=1

Now, consider the problem
minimize max ||Fjz + gil|
1<i<p
subject to x € R".
By introducing a new variable x,+1, we obtain
minimize Tn41
subject to ||Fiz + gi|| < @nt1, i =1,...,p,

or equivalently
minimize €],

subject to [|Aix + gil| < e, 2, i=1,...,p,

Section 6.4

where z € R+l A, = (F;|0), and epy1 = (0,...,0,1) € R+, Evidently, this is a second-order

cone programming problem. Its dual problem is given by

P

maximize — E gz
i=1

P Yol
. 1 .
subject to E (( 0 ) zi + en+1wi> =ent1, |zl <wi, i=1,...,p,
i=1

or equivalently

P
maximize — E 9izi
i=1

P P
subject to ZFZIZ% =0, Zwi =1, ||zl <w;, i=1,...,p.
i=1 i=1
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6.4.8

Let f(z) = (1/2)2’Qz. Since the problem has a unique optimal solution, we have that @ is
positive definite on the nullspace of the matrix A, implying that f(x)+ (1/2¢)||x — 2*||2 also has

a unique minimum subject to Az = b. Hence the algorithm
xk+1 = arg min 1;1C’QQU + i||ac — xk||2
Az=b | 2 2c
is well defined. This algorithm can also be written as
xk+1 = arg min 1x’Qx + i||ac —xk||2 + zHAm — b2
Az=b | 2 2c 2

for any scalar v. If 7 is sufficiently large, the quadratic function

50/Qe + Tl Az — bJp

2 2

is positive definite by Lemma 3.2.1. For such +, the above algorithm is equivalent to the proximal

minimization algorithm and it inherits the corresponding convergence properties.

6.4.8 (Complex /; and I Approximation [LVB98])

( Re(vy) >
Im(v;)

where Re(v;) and Zm(v;) denote real and imaginary parts of v;, respectively. Then the complex

For v € CP we have
p p

ol = il =)

i=1 i=1

)

l1 approximation problem is equivalent to

subject to x € Cn,

where a is the i-th row of A (A is a p x n matrix). Note that

Re(alx — b;) Re(al) —Im(al) Re(x) Re(b;)
Im(aix — b;) B Im(a;) Re(a}) Im(x) Im(b;).
By introducing new variables y = (Re(a’), Zm(z’))’, problem (1) can be rewritten as

P
minimize Z |1 Fiy + gi|
i=1

subject to y € R2n,
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Re(al) —Im(a! Re(b;
Fi:< (a;) (1)>’ gi:—< ()>. @
Im(a;) Re(al) Im(b;)

According to Exercise 6.4.19, the dual problem is given by

where

where z; € 127 for all 7.

For v € CP we have

[[V]|oc = max |vi] = max
1<4< 1<:i<p

Re(vi)
Im(v;) .
Therefore the complex [~ approximation problem is equivalent to

Re(ax — b;)
Im(aix — b;)

By introducing new variables y = (Re(a’), Zm(z’))’, this problem can be rewritten as

minimize max
1<i<p

subject to x € Cn,

minimize 112?SXP|| 3y + gil
subject to y € N2,

where F; and g; are given by Eq. (2). From Exercise 6.4.19, it follows that the dual problem is

P [ Re(a) —Im(a}) P
subjecttoZ( ' /z z; =0, Zwizl, [|lzi]| S wsy, i=1,...,p,
a; i=1

where z; € R2 for all 3.

6.4.11 (Strong Duality for One-Dimensional Problems)

For a function h : R — [—00, 00], the domain of & is the set
dom(h) = {z | —00 < h(z) < o0}.

If h is lower semicontinuous over its domain, i.e., satisfies h(z) < liminfy_ o h(xy) for all z €

dom(h) and all sequences {z} with xy — z, it is called domain lower semicontinuous or DLSC
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for short. Note that a convex DLSC function need not be closed, i.e., need not have a closed
epigraph.

Convex DLSC functions arise in the context of the constrained optimization problem
minimize f(x)
(1)

subject to g;(x) <0, j=1,...,n

where f : R — (—o00,00] and g; : " — (—o00,00] are some proper extended real-valued
functions. We denote by g the vector-valued function g = (g1, ..., gr), and we denote compactly

inequalities of the form g;(x) <0, j=1,...,r, as g(z) <0.

The primal function of the problem, defined by

p(w) = inf f(x),

determines whether there is a duality gap. In particular, assuming that p is convex and that
p(0) < oo (i.e., that the problem is feasible), there is no duality gap if and only if p is lower
semicontinuous at u = 0. More generally, assuming that p is convex, there is no duality gap for
every feasible problem of the form

minimize f(x)

subject to g(z) < wu,
if and only if p is a DLSC function.

The two most common approaches to ascertain that there is no duality gap in problem (1)

are:
(a) To show that p is closed, so that it is also lower semicontinuous at any u, including u = 0.

(b) To show that p is subdifferentiable at u = 0, so that it is also lower semicontinuous at u = 0.
This is guaranteed, in particular, under the assumption 0 € ri(dom(p)) or under some other

constraint qualification that guarantees the existence of a geometric multiplier for problem
(1).

Note, however, that there are some important special cases that are not covered by one of
the above two approaches. In these cases, p is a DLSC function but it is not necessarily closed
or subdifferentiable at 0. As an example, consider the one-dimensional problem where

% if x >0,
fz) = ,
0o ifz <0,

and
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Then it can be seen that

(W) 0 ifu>0,
plu) =
oo ifu <0,

so p is a DLSC function but is not closed.
In the special case where the z is a scalar and the functions f and g; are convex, proper, and

DLSC, we can show that the function p is DLSC. This is consistent with the preceding example.

Proposition: If the functions f and g; map R into (—oo, oo] and are convex, proper, and DLSC,

then the primal function p is DLSC.

Proof: Without loss of generality, we assume that 0 € dom(p). It will be sufficient to show
that p is lower semicontinuous at v = 0. Let ¢* = lim,,_,+ p(u). We will show that p(0) = ¢*,
which implies lower semicontinuity of p at 0, since p is monotonically nonincreasing. Let {z*}
be a scalar sequence such that f(z*) — ¢* and max{0, g;(z*)} — 0 for all j. We consider three

cases:

(a) {x*} has a subsequence that converges to a scalar . Without loss of generality, we assume
that the entire sequence {z¥} converges to T. By the lower semicontinuity of f and g;, we
have f(Z) < ¢* and ¢;(Z) < 0 for all j. Hence T is feasible for the problem corresponding
to u = 0, and we have p(0) < f(Z) < ¢*. Since p is monotonically noninceasing, we also

have ¢* < p(0) and we obtain p(0) = ¢*.

(b) {z¥} has a subsequence that tends to co. Without loss of generality, we assume that
x* — oo. Then the positive direction is a direction of recession of f and g; for all j. This
implies that inf,ex f(x) = ¢*, and also that g(z*) < 0 for all sufficiently large k [otherwise
the problem corresponding to u = 0 would be infeasible, thereby violating the hypothesis
that 0 € dom(p)]. Thus p(0) = infzen f(r) = ¢*.

(¢) {zF} has a subsequence that tends to —oo. Without loss of generality, we assume that

xk — —o0, and we proceed similar to case (b) above. Q.E.D.

The proposition implies that is no duality gap for the given problem, assuming that —co <

f* < .

SECTION 6.5
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6.5.3 (Separable Problems with Integer/Simplex Constraints)

Define d;(s) = fj(s) — fj(s —1) for s = 1,...m; and j = 1,...,n. By the convexity of f;, we

have

2fi(s) < fi(s = 1) + fi(s + 1),

or equivalently
fi(s) = fils = 1) < fi(s +1) = f5(s).

Therefore
G1) < d(2) < <dilmg) G=1,...,n.

Consider the set D = {d;(s) | s = 1,...mj, j = 1,...,n}. At each iteration the algorithm
chooses the smallest element in the set D as long as that smallest element is negative and the
constraint is not violated. Let x* be a solution generated by the algorithm and D* be the set of

elements of D that the algorithm chooses. Define

\— made(s)eD* d](S) if |D*| =A
0 if |D*| < A,

where | - | denotes the cardinality of a set. If |[D*| = A, then the algorithm chooses A smallest
elements in D, which are all negative, so that A < 0. If | D*| < A, then either z* has components

x; = my; or the set D has less then A negative elements. Consider the following function

ij(;z:j)—Asz. (1)

We have
(fi(xg) = Azy) =D (£(0) + (di(1) = X) + -+ + (dj(x5) = N)) -

1 j=1

J

By the definition of A and D*, we have

dj(s) — A <0if dj(s) € D,

dj(s) — X\ > 0 if d;(s) ¢ D*.

Therefore the function given by Eq. (1) is minimized at z = z*. Consequently, —\ > 0 is a
Lagrange multiplier for the original problem and there is no duality gap. By Prop. 6.1.5, we have

that z* is an optimal solution.
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6.5.4 (Monotone Discrete Problems [WuB01])

A detailed analysis appears in the paper

C. C. Wu and D. P. Bertsekas, “Distributed Power Control Algorithms for Wireless Networks,”
IEEE Trans. on Vehicular Technology, Vol. 50, pp. 504-514, 2001

which is available from the author’s www site

http://web.mit.edu/dimitrib/www/home.html

6.5.5

Suppose that E is totally unimodular. Let J be a subset of {1,...,n}. Define z by z; = 1 if
j € J,and z; = 0 otherwise. Also let w = Ez, d; = f; = %wi if w; is even, and d; = %(wZ +1),

fi= %(wl — 1) if w; is odd. Since FE is totally unimodular, the polyhedron

P={x|f<Ex<d 0<z<z}

has integral extreme points and z ¢ P. Note that P # ¢J because %z € P. Therefore there is a
vector & € P such that &; =0 for j ¢ J, and &; € {0,1} for j € J. We have z; — 2&; = +£1 for
j€J. Define 1 ={jeJ|z —2¢;=1}and Jo ={j € J| z; — 2&; = —1}. We have

w; —w; =0 if w; is even
Zeijf Zeij: Zeij(?;j*Qi'j):EZ*2Ef: . .
jen jeTy jen w; — (w; £1) = F1  if w; is odd.
Thus
Zeij—Zeij <1, Vi=1,...,m. (1)
JjE€N JjEJ2

Suppose that the matrix E is such that any J C {1,...,n} can be partitioned into two
subsets such that Eq. (1) holds. For J C {1,...,n} with J consisting of a single element, we
obtain from in Eq. (1) e;; € {—1,0,1} for all ¢ and j. The proof is by induction on the size of the
nonsingular submatrices of F using the hypothesis that the determinant of every (k—1) x (k—1)
submatrix of F equals —1,0, or 1. Let B be a k x k nonsingular submatrix of E. Our objective is
to prove that |det B| = 1. By the induction hypothesis and Cramer’s rule, we have B—1 = df%,
where bj; € {~1,0,1}. By the definition of B*, we have Bb; = (det B)e1, where b7 is the first

column of B* and e; = (1,0,...0)".

Let J={i| b} #0} and J; = {i € J | b}y = 1}. Hence for i = 2,...,k, we have

(Bby)i= > bij— > bij=0.

jed] JjEJIN\J]
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Thus the cardinality of the set {i € J | b*ij # 0} is even, so for any partition (Ji,J2) of J, it

follows that Zjejl bij — ZjEjQ bi;j is even for all ¢ = 2,...,k. Now by assumption, there is a
partition (Ji, J2) of J such that ‘ZjeJl bij — > jer, bij| < 1. Hence

Zbij—Zbij:O, fOI‘iZQ,...,k.

JjE€1 JEJ2

Now consider the value a; = ’ZjeJl bij — ZjeJQ blj‘. If 7 =0, definey € R* by y; = 1
fori € Ji, y; = —1 for i € Js, and y; = 0 otherwise. Since By = 0 and B is nonsingular, we have
y = 0, which contradicts J # (. Hence by hypothesis, we have a1 = 1 and By = +e;. However,
Bb; = (det B)ey. Since y and b7 are (0,41) vectors, it follows that b7 = £y and |det B| = 1.

Therefore F is totally unimodular.

6.5.6

Note that F is totally unimodular if and only if its transpose E’ is totally unimodular. Hence

according to Exercise 6.5.5, an m X n matrix F is totally unimodular if and only if every I C

{1,...,m} can be partitioned into two subsets I; and I such that
Sey-Y ey <l Vi=1,....n
i€l i€ly

Let E be an m x n matrix with entries e;; € {—1,0,1}, and such that each of its columns
contains at most two nonzero entries. By assumption, the set {1,...,m} can be partitioned into

two subsets M and M> so that if a column has two nonzero entries, the following hold:

(1) If both nonzero entries have the same sign, then one is in a row contained in M; and the

other is in a row contained in Mo.

(2) If the two nonzero entries have opposite sign, then both are in rows contained in the same

subset.

It follows that

Zeij_zeij <1, Vj=1,...,n. (1)
i€ My i€ Mo

Let I be any subset of {1,...,m}. Then Iy = INM; and Iz = I N M, constitute a partition

of I, which in view of Eq. (1) satisfies

Zeij—ZeU <1l, Vj=1,...,n.

el i€ly

Hence E is totally unimodular.
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6.5.7

Since FE is totally unimodular if and only if its transpose F’ is totally unimodular, then according
to Exercise 6.5.5, E is totally unimodular if and only if every I C {1,...,m} can be partitioned

into two subsets I; and Is such that
Zeij* Zeij <1, Vji=1,...,n
i€l 1€lg
Define My = {i | i is odd} and Mz = {i | i is even}. Then
Z €ij — Z ej| <1, Vji=1,...,n
€My i€ Mo

Let I be any subset of {1,...,m}. Then I) = I N M; and I = I N M, constitute a partition of

I, which satisfies

Zeij—Zeij <1, Vj=1,...,n,

i€l i€ly

and therefore F is totally unimodular.

6.5.10

(a) We have for every p = (p1,...,4r) >0

7
qp o) = inf S f(2)+ > pigy(x)
reX j=1
7
= inf f(z) + Z 11595 ()
g;+1(z)§0 ----- gr(z)<0 Jj=1
T
> inf f(z) + Z 11395 ()
9741 (@) <0,...,9r () <O Jj=1
>

Iig( f(x) + ; 1 g;(z)

=q(p1,- - fhr)-

By taking the supremum of both sides over p > 0, we obtain §* > ¢*. The inequality §* < f*
holds by the Weak Duality Theorem.

(b) This is evident from the proof of part (a).
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(¢) Take any problem with two constraints that has a duality gap and has an optimal solution at
which one of the two constraints is inactive. For example, consider the following problem, which
is derived from Example 6.2.1:

minimize f(x)

subject to 1 =0, x1 <1, ze X ={x|z>0},
where

flx) = e VT1o2, VrelX,

and f(zx) is arbitrarily defined for = ¢ X.

Consider the problem obtained by keeping the inactive constraint explicit (the constraint
71 < 1 in the above example), and by lumping the other constraint together with X to form X
(X = {x | 2 >0, 21 = 0} in the above example). Then, we have ¢* < g* = f* (¢* = 0 and

7" = f* =1 in the above example).
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