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īj forallj

=
1
,...,n

.

(3)
There

exists
an

index
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λ-M
ethods

W
hen

the
LS

TD
/LS

P
E

-type
m

ethods
given

earlierare
applied

to

Φ
r

=
Π

T
(λ

)(Φ
r)

they
yield

generalizations
to

LS
TD

(λ)and
LS

P
E

(λ)
The

form
ulas

involve
tem

poraldifferences,based
on

the
expansion

T
(λ

)(x
)
=

x
+

∞Xm
=

0

λ
m
(A

mb
+

A
m

+
1x
−

A
mx

)

The
entire

analysis
ofTD

(λ),LS
TD

(λ),and
LS

P
E

(λ)forD
P

generalizes
subjectto

the
follow

ing
restrictions:

E
igenvalues

of
λA

m
ustbe

w
ithin

the
unitcircle

forLS
TD

analogs
A

dditionalcontraction
assum

ptions
forLS

P
E

(λ)and
TD

(λ)[i.e.,
Π

A
(λ

)
is

a
contraction]



P
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E
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A
pproxim

ation
G

eneralLS
TD

and
LS

P
E

-Type
A

lgorithm
s

E
xtensions

Form
s

of
λ-M

ethods
I

R
ow

and
colum

n
sam

pling
are

done
using

the
sam

e
M

arkov
chain

P
.

D
efine

w
k
,0

=
1

and
form

≥
1

w
k
,m

=
a

ik ik
+

1

p
ik ik

+
1

a
ik

+
1 ik

+
2

p
ik

+
1 ik

+
2

··· a
ik

+
m
−

1 ik
+

m

p
ik

+
m
−

1 ik
+

m

E
xam

ple:D
iscounted

D
P

w
k
,m

=
α

m
,

∀
k

LS
P

E
-type

m
ethod

rt+
1

=
rt +

 
t
Xk

=
0

φ
(ik )φ

(ik ) ′ !
−

1
t
Xk

=
0

φ
(ik )

t
Xm

=
k

λ
m
−

kw
k
,m
−

k d
t (im

),

w
here

d
t (im

)
are

the
tem

poraldifferences

d
t (im

)
=

b
im

+
w

m
,1 φ

(im
+

1 ) ′rt −
φ
(im

) ′rt ,
t≥

0
,

m
≥

0



P
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E
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A
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G

eneralLS
TD

and
LS

P
E

-Type
A

lgorithm
s

E
xtensions

Form
s

of
λ-M

ethods
II

R
ecursive/efficientupdate

forLS
P

E
-type

m
ethod

rt+
1

=
rt +

B
−

1
t

(C
t rt +

h
t )

w
hereB

t
=

B
t−

1
+

φ
(it )φ

(it ) ′,
C

t
=

C
t−

1
+

z
t `w

t,1 φ
(it+

1 )−
φ
(it ) ´

′,

h
t
=

h
t−

1
+

z
t b

it ,
z

t
=

λw
t−

1
,1 z

t−
1
+

φ
(it ).

LS
TD

(λ)-type
m

ethod
is

just

rt
=

C
−

1
t

h
t

TD
(λ)-type

m
ethod

is
rt+

1
=

rt +
γ

t z
t d

t (it )

w
here

γ
t is

the
stepsize



P
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E
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A
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G

eneralLS
TD

and
LS

P
E

-Type
A

lgorithm
s

E
xtensions

C
onvergence

R
esult

P
roposition:A

ssum
e

thatP
is

irreducible,and
that

λ
satisfies

λ
m

ax
i,j

|a
ij |/p

ij
<

1
,

λ
∈

[0
,1

).

Letrt be
generated

by
the

LS
TD

(λ)-type
algorithm

.Then,

rt →
r ∗λ

w
ith

probability
1

The
sam

e
is

true
forthe

LS
P

E
(λ)-type

algorithm
[assum

ing
also

that
σ
(A

(λ
))≤

1]

H
ere

r ∗λ
is

the
solution

ofthe
projected

equation

Φ
r

=
Π

T
(λ

)(Φ
r)

S
im

ilarresultforTD
(λ)-type

extension,undersuitable
(stochastic

approxim
ation-type)conditions

forthe
stepsize



P
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E
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A
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G

eneralLS
TD
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LS

P
E
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A

lgorithm
s

E
xtensions

A
N

onlinearE
quation

w
ith

S
calarN

onlinearities

C
onsiderthe

system

x
=

T
(x

)
=

A
f(x

)
+

b
,

w
here

f
:#

n
.→
#

n
is

a
m

apping
w

ith
scalarfunction

com
ponents

ofthe
form

f(x
)
=
`f1 (x

1 ),...,fn (x
n ) ´.

A
ssum

e
thateach

ofthe
m

appings
fi

:#
.→
#

is
nonexpansive:

˛̨fi (x
i )−

fi (x̄
i ) ˛̨≤

|x
i −

x̄
i |,

∀
i
=

1
,...,n

,
x

i ,x̄
i ∈
#

.

Then
ifA

is
a

contraction
w

ith
respectto

a
w

eighted
E

uclidean
norm

,T
is

also
a

contraction
This

structure
im

plies
favorable

choices
ofa

M
arkov

chain
forsim

ulation
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P
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A

lgorithm
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E
xtensions

O
ptim

alS
topping

LetT
(x

)
=

α
P

f(x
)
+

b
,w

here
P

is
irreducible

transition
probability

w
ith

invariantdistribution
ξ,

α
∈

(0
,1

)
is

a
scalardiscountfactor,and

f
has

com
ponents

fi (x
i )

=
m

in{c
i ,x

i },
i
=

1
,...,n

,

w
here

c
i are

som
e

scalars.
Then

x
=

T
(x

)
is

the
Q

-factorequation
corresponding

to
a

discounted
optim

alstopping
problem

In
this

case,
Π

A
is

a
contraction

w
ith

respectto
‖
·‖

ξ
[Tsitsiklis

and
Van

R
oy

(1999),w
ho

gave
a

Q
-learning

algorithm
w

ith
linearfunction

approxim
ation]

The
LS

P
E

algorithm
has

been
generalized

to
this

problem
(Yu

and
B

ertsekas
2007;also

the
3rd

E
dition

ofm
y

D
P

text2007)
There

is
no

“good"LS
TD

-type
algorithm

forthis
problem

(the
fixed

point
equation

to
be

approxim
ated

is
nonlinear)
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LinearLeastS
quares/R

egresion/B
ellm

an
E

rrorM
ethods

C
onsidersolving

the
problemm

in
r∈
$

s ‖A
Φ

r−
b‖

2ξ

to
approxim

ate
the

w
eighted

leastsquares
solution

ofA
x

=
b.

H
ere

A
:m

×
n

m
atrix,

ξ
is

a
know

n
probability

distribution
vector,

b
∈
#

m,and
Φ

is
an

n
×

s
m

atrix
ofbasis

functions.
The

solution
is

r ∗
=

(Φ
′A
′Ξ

A
Φ

) −
1Φ
′A
′Ξ

b
,

w
here

Ξ
is

the
diagonalm

×
m

m
atrix

having
ξ

along
the

diagonal
To

approxim
ate

the
solution,w

e
replace

Φ
′A
′Ξ

A
Φ

and
Φ
′A
′Ξ

b
w

ith
sim

ulation-based
estim

ates
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Issues
in

R
egresion/B

ellm
an

E
rrorM

ethods

N
eed

to
sam

ple
tw

o
colum

ns
foreach

row
–

m
ore

noise
Variance

reduction
–

a
form

ofim
portance

sam
pling

m
ay

be
essential

D
ealing

w
ith

(near)singular
Φ
′A
′Ξ

A
Φ

A
dd

a
sm

allm
ultiple

ofthe
identity

to
Φ
′A
′Ξ

A
Φ

(like
a

priorin
a

regression
setting),i.e.,approxim

ate
by

sim
ulation

r ∗
=

(Φ
′A
′Ξ

A
Φ

+
γI) −

1Φ
′A
′Ξ

b

w
here

γ
is

sm
allpositive

param
eter

U
se

a
proxim

alm
ethod:

rt+
1

=
(Φ
′A
′Ξ

A
Φ

+
γ

t I) −
1(Φ

′A
′Ξ

b
+

γ
t rt ),

w
here

γ
t is

a
positive

param
eter.This

converges
to

the
correctsolution

(Φ
′A
′Ξ

A
Φ

) −
1Φ
′A
′Ξ

b

A
pplications

in
inverse

problem
s

and
otherareas

(huge
dim

ension
-e.g.,

n
=

10
9,A

:fully
dense)
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C
oncluding

R
em

arks

TD
m

ethods
can

be
naturally

extended
to

solve
linearsystem

s
of

equations
In

doing
so,perspective

and
new

m
ethods

are
obtained

forapproxim
ate

D
P

The
overallapproach

is
very

sim
ple:

S
tartw

ith
a

determ
inistic

algorithm
W

rite
itin

term
s

ofexpected
values

A
pproxim

ate
the

expected
values

by
sim

ulation

The
approach

applies
to

m
any

linearalgebra-type
problem

s
-beyond

those
discussed

here
(e.g.,com

puting
the

dom
inanteigenvalue

ofa
m

atrix,approxim
ating

the
invariantdistribution

ofa
M

arkov
chain)

There
is

considerable
literature

and
theoreticalw

ork
on

M
onte

C
arlo

linearalgebra
m

ethods
(starting

w
ith

von
N

eum
ann)

The
new

elem
enthere

is
linearfunction

approxim
ation

and
the

connection
w

ith
TD

m
ethods

E
xciting

prospect:A
pplication

to
linearalgebra

problem
s

ofhuge
dim

ension,farbeyond
the

D
P

context


